Assume that the reproduction rate ratio of the predator over the prey is sufficiently small in a basic tri-trophic food chain model. This assumption translates the model into a singularly perturbed system of two time scales. It is demonstrated, as a sequel to the earlier paper of Deng ͓Chaos 11, 514 -525 ͑2001͔͒, that at the singular limit ϭ0, a singular Shilnikov's saddle-focus homoclinic orbit can exist as the reproduction rate ratio of the top-predator over the predator is greater than a modest value 0 . The additional conditions under which such a singular orbit may occur are also explicitly given. 
I. INTRODUCTION
The seminal work of Lotka 2 and Volterra 3 laid the foundation of mathematical modeling for population dynamics. The logistic model has been accepted by modelers for species dynamics free of predation but constrained to resourcelimited habitats. Holloing's seminal work 4 on predation functional forms provided the biological bases for predator-prey and n-trophic Rosenzweig-MacArthur models 5 for food chains. Plausible population models in continuous times from literature are mostly variations of the RosenzweigMacArthur models.
Because of their perceived intrinsic relevance to biology, these models have generated an enormous amount of research and continue to attract more people to an everexpanding field, not just because there are too numerous types of species interactions to consider, but also because even the simplest basic tri-trophic models pose some extremely challenging mathematical problems. Above all, chaos is least understood for these models, at least from the point of view of mathematics-there was not a single theorem obtained on the existence of any food chain model chaos prior to Ref. 1 . In contrast a tremendous amount of rigorous results have been published on equilibrium and periodic solutions, see, e.g., Refs. 6 -8. This void in theoretical food chain chaos is more considerable given the fact that the first food chain chaos models were discovered almost a quarter century ago in Refs. 9 and 10.
Although chaotic structures were continuously discovered, e.g., Refs. 11, 8, [12] [13] [14] [15] [16] , from numerous food chain models, systematic approaches to classification were hampered by a lack of effective handles on the models. First, studies are scattered among models as diversified as biology. Second, there was not a single dimensionless form, which always constitutes the first step in any mathematical study, that was used by any competing research groups, rarely used twice within a group, or by an individual. Multi-time scale approach was first used in Ref. 7 15 . The purpose of this paper is to continue the mechanistic approach via the multi-time scale analysis adopted in Ref. 1 and to find system parameter conditions by which the Shilnikov chaos scenario can take place in the Rosenzweig-MacArthur model. The parameter region applies to food chains of which, in terms of allometry, 20, 21 the biomass of the prey is small relative to that of the predator, which in turn is comparable with the biomass of the top-predator.
with a logistic prey (x), a Holloing type II predator (y), and a Holling type II top-predator (z). 4 With the same scaling of variables and parameters as in Ref. 1 ,
Eq. ͑2.1͒ is changed to the following dimensionless form:
Under the drastic trophic time diversification hypothesis 1 that the maximum per-capita growth rate decreases from bottom to top along the food chain, namely rӷc 1 ӷc 2 Ͼ0 or equivalently 0ϽӶ1 and 0ϽӶ1, Eqs. ͑2.3͒ become a singularly perturbed system of three time scales, with the rates of change for the prey, predator, and top-predator ranging from fast to intermediate to slow, respectively. Let ȳ be the maximum of the nontrivial x-nullcline ͕ f (x,y)ϭ0͖ and y spk be the point of Pontryagin's delay of stability loss [22] [23] [24] [25] 1 determined from the integral
Then Ref. 1 shows that a period-doubling cascade reversal must occur as the nontrivial z-nullcline h(y)ϭ0 crosses the surface of Pontryagin's delay of stability loss yϭy spk (z) from below due to the occurrence of junction-fold points at which solutions of the equations have a quadratic-like tangency with the plane yϭy spk (z).
In this paper, we assume the time diversification hypothesis for the prey-predator interaction only:
and leave the rate between c 1 and c 2 comparable, which applies to cases where the body masses of the predator and the top-predator are comparable according to the theory of allometry. 20, 21 Under this assumption, Eq. ͑2.3͒ is a twotime-scale singularly perturbed system whose dynamics are most determined by the predator-top-predator interactions on the trivial x-nullcline xϭ0 and the attracting part of the nontrivial x-nullcline parabola ͕ f (x,y)ϭ0͖ which contains the nontrivial equilibrium point p f ϭ(x f ,y f ,z f ). We will demonstrate that the equilibrium point p f becomes a saddle focus as is greater than some value 0 and that under appropriate conditions there is a singular homoclinic orbit 26 to p f at ϭ0. Chaotic dynamics ensues both at the singular limit ϭ0 by the result of Ref. 26 and with perturbation 0 ϽӶ1 due to the conjectured existence of a persisting Shilnikov's saddle-focus homoclinic orbit.
19,27

III. SINGULAR PERTURBATION
The dimensionless system ͑2.3͒ with one singular parameter 0ϽӶ1 makes it ideal for a singular perturbation analysis. 7, 28, 29, 26 The key is to reduce the dimension of the system from three to two or one using two different time scales and to piece together the lower dimensional structures to construct a full picture of the three-dimensional system.
A. The fast prey dynamics
By rescaling the time t→t/ for Eq. ͑2.3͒ and setting ϭ0, the rescaled system becomes
It is one-dimensional in x variable with y and z as parameters. The flow of this so-called fast subsystem is completely determined by its equilibrium surface x f (x,y)ϭ0, which is composed of xϭ0 and f (x,y)ϭ0, in particular, by the stable equilibrium points. The surface f (x,y)ϭ0 is a cylindrical parabola
It has its maximum point and maximum value as
It intersects the trivial equilibrium surface xϭ0 at yϭy trn ϭ␤ 1 . ϽӶ1, all solutions are quickly attracted to either ͕xϭ0,y Ͼ␤ 1 ͖ or ͕ f ϭ0,xϾx ͖ because the rate of change for x is much greater than those of y and z if the starting point is not near either of these two surfaces.
B. The slow predator and top-predator dynamics
When a solution for the perturbed system with 0Ͻ
Ӷ1 is attracted near one of the two surfaces ͕xϭ0,yϾ␤ 1 ͖ and ͕ f ϭ0,xϾx ͖, the solution is approximated by the reduced slow dynamics on either of the surfaces by setting ϭ0 in Eq. ͑2.3͒
x f ͑ x,y ͒ϭ0, ẏ ϭyg͑x,y,z ͒, ż ϭzh͑ y ͒.
It is a two-dimensional system in y,z restricted on either x ϭ0 or ͕ f (x,y)ϭ0͖.
On the trivial surface xϭ0,
Because ẏ Ͻ0, all solutions develop downward, attracted to yϭ0. It must cross the transcritical point y trn ϭ␤ 1 at which the two branches of the x-nullcline intersect: ͕x ϭ0͖പ͕ f (x,y)ϭ0͖. Once that point is passed, the lower, trivial branch ͕xϭ0,yϽy trn ͖ is not attracting anymore. Solutions nearby are repelled away toward the stable branch ͕ f (x,y)ϭ0,xуx ͖. By the theory of Pontryagin's delay of stability loss, [22] [23] [24] [25] the reduced solutions on xϭ0 approximate the perturbed ones only to a point y spk Ͻy trn ϭ␤ 1 , referred to as the point of Pontryagin's delay of stability loss. The point y spk depends on where the perturbed solution starts. For example, if it starts with the initial y at ȳ , then y spk is determined by the integral equation ͑2.4͒. If it starts at any other initial point in y, then y spk is determined by the same integral with ȳ replaced by that initial y. It is proved in Ref. 24 that y spk defined by Eq. ͑2.4͒ is a monotone decreasing function in z. The y spk depicted in Fig. 2 and throughout from now on is with the initial ȳ value as in the integral equation ͑2.4͒ and ⌺ is its horizontally projected point on the x-attracting surface ͕ f (x,y)ϭ0,xϾx ͖.
On the nontrivial, stable x-nullcline surface ͕ f (x,y) ϭ0,xϾx ͖, the slow dynamics in (y,z) is more complex but two-dimensional nonetheless. Because it is two-dimensional, a phase plane analysis is utilized. The dynamics is determined by the y-nullcline ͕yϭ0͖, ͕g(x,y,z)ϭ0͖ and the z-nullcline ͕zϭ0͖, ͕h(y)ϭ0͖. Two of which, ͕yϭ0͖ and ͕zϭ0͖, are invariant and the dynamics on them are simple one-dimensional. The other two play the essential role. Denote the nontrivial y-nullcline on ͕ f (x,y)ϭ0,xϾx ͖ by ␥ ϭ͕g(x,y,z)ϭ0͖പ͕ f (x,y)ϭ0,xϾx ͖ as shown in Fig. 2 holds. Notice that because the parameter ␦ 2 is free from the above-mentioned condition, it can be changed so that y spk ϭy f ϭ␤ 2 ␦ 2 /(1Ϫ␦ 2 ). That is, when ␦ 2 ϭy spk /͑␤ 2 ϩy spk ͒,
͑3.2͒
the equilibrium point p f falls on the Pontryagin landing curve ⌺. This fact will be used later.
IV. SADDLE-FOCUS EQUILIBRIUM
In this section we consider in greater detail the reduced slow yz dynamics on the attracting x-nullcline surface ͕ f (x,y)ϭ0,xϾx ͖ and demonstrate that there exists a constant 0 Ͼ0 such that the equilibrium point p f becomes a saddle-focus for the reduced system when Ͼ 0 . Figure 3͑a͒ shows the reduced phase portrait case when ϭ0, in which case the slow dynamics is reduced to onedimensional flow in y parametrized by z and the vertical phase lines are as shown. In particular, the eigenvalue, 1 , of the linearized vector field at the equilibrium point that corresponds to the y dynamics is positive and that corresponds to the z dynamics, 2 , is zero. For Ͼ0, ż Ͼ0 for points above the z-nullcline yϭy f , and ż Ͻ0 for points below it. Therefore the equilibrium point p f is an unstable source as shown. The jump from the fold yϭȳ , xϭx to the x-stable part of the manifold x ϭ0 in the direction of x is fast, so is the jump from yϭy spk to ⌺. The crawl on the x-stable part of the parabola f ϭ0 in y and z is slow compared to the x-fast jump. ⌫ 0 ϭp f CBAp f is a singular homoclinic orbit. That is, the second eigenvalue 2 Ͼ0 becomes positive for small positive Ͼ0, satisfying 2 ϭ0 as ϭ0. As a result, the reduced vector field has a tendency to rotate around the equilibrium point p f . Intuitively, the greater Ͼ0 is, the more pronounced the rotation becomes, and when is sufficiently away from 0, the eigenvalues 1 , 2 become a pair of complex conjugates with positive real part. When that happens, p is an unstable focus.
What is described above can be stated in a more general manner. More specifically, the linearized vector field of the reduced subsystem must have the following form 2 .
They becomes a pair of complex conjugates when a 2 Ϫ4abmϽ0, or equivalently, when
͑4.2͒
And the equilibrium point p f becomes an unstable focus on ͕ f (x,y)ϭ0,xϾx ͖.
V. SINGULAR HOMOCLINIC ORBIT
Under the conditions of Eqs. ͑3.1͒, ͑3.2͒, ͑4.2͒, and ϭ0, there must exist a singular homoclinic orbit, ⌫ 0 , to either p f as shown in Fig. 2 , or an unstable limit cycle surrounding p f on the parabola x-nullcline surface ͕ f ϭ0,x рx р1͖.
More precisely, directly opposite to p f is a point A in the In fact, part of the condition ͑3.1͒ that z spk Ͻz is more than necessary for the existence of ⌫ 0 . It only requires z គ Ͻz s Ͻz.
VI. RETURN MAPS AND CHAOS
The existence of a singular homoclinic orbit ⌫ 0 to the unstable spiral equilibrium point p f guarantees chaotic dynamics. This can be explained in two ways.
The first follows a well-known theorem of Shilnikov from Ref. 19 which states that if there is a homoclinic orbit to a saddle-focus equilibrium point having eigenvalues 1,2 , 3 satisfying 1,2 ϭ␣Ϯi␤ and 3 ϽϪ␣Ͻ0, then in a neighborhood of the orbit there exists a chaotic orbit ͑see also Ref. 27͒. In our situation, the singular orbit ⌫ 0 should persist as ⌫ for small 0ϽӶ1 by the theory of geometric singular perturbation. 22, 31, 32, 23 The third eigenvalue 3 is negative corresponding to the fast x dynamics, satisfying 3 ϭϪO(1/)ϽϪ␣ϭϪa/2 with a as in Eq. ͑4.1͒. Hence Shilnikov's eigenvalue conditions are satisfied for small 0 ϽӶ1. A major shortcoming of this approach is that we cannot conclude whether or not there is a chaotic attractor that contains the Shilnikov orbit.
The second approach does precisely what the first approach fails to do. It is based on the idea of Ref. 26 , which takes advantage of the singular perturbation structure of the system to construct a singular Poincaré return map . The map is used in turn to capture the chaotic attractor which contains the singular homoclinic orbit ⌫ 0 . More precisely, let I be the segment of ⌺ left of the equilibrium point p f , and identify each point in I with its z coordinate. Then (z) is defined as the singular flow-induced first return of the point z from I. Figure 4͑a͒ illustrates the map . Note that the two end points of I are fixed points of , the homoclinic orbit ⌫ 0 corresponds to the critical point cI, and the point z corresponds to the other critical point dI. The map is increasing except between c and d. The resulting map is surely chaotic.
One type of bifurcations can also be captured by the return map as shown in Figs. 4͑c͒ and Another type of bifurcation corresponds to the case when z moves below z s , eliminating the singular homoclinic orbit ⌫ 0 in the process. This scenario occurs easily by increasing ␦ 1 because zϭ(x /(␤ 1 ϩx )Ϫ␦ 1 )(␤ 1 ϩȳ ) with x ,ȳ independent of ␦ 1 . A typical case with zϽz s is shown in Fig.   4͑b͒ . Chaotic dynamics is clearly evident when p f lies on ⌺ ͓Fig. 4͑b͔͒ and it bifurcates into a stable period-1 point when p f is sufficiently away from ⌺ ͑Figs. 4͑d͒ and 4͑f͒͒.
Guided by the conditions of Eqs. ͑3.1͒, ͑3.2͒, and ͑4.2͒, a perturbed attractor characteristic of Shilnikov's saddle-focus homoclinic orbit was numerically found for Eq. ͑2.3͒. The attractor and its return map are shown in Fig. 5 . The -parameter value ϭ1 is of order O(1), which guarantees the equilibrium point to be a saddle-focus point.
We omit here a similar analysis for the case when there exists an unstable limit cycle on ͕ f ϭ0,x рxр1͖. In spite of our diligent searches, both theoretical and numerical, we failed to establish this alternative as a probable event.
VII. CLOSING REMARKS
We have demonstrated that the RosenzweigMacArthur's food chain model Eq. ͑2.1͒ can admit a singular Shilnikov's saddle-focus homoclinic orbit under the conditions that ϭ0,zϽz spk рz f рz, у 0 , and ␦ 2 ϭy spk /(y spk ϩ␤ 2 ). In comparison, the reversed period-doubling cascade phenomenon analyzed in Ref. 1 occurs under the same conditions except that 0ϽӶ1. The same period-doubling cascade phenomenon also occurs due to the same junction-fold structure. Put together, these results cover most of the parameter range in for chaos generation. We leave open the question of the existence of limit cycles on the parabola x-nullcline surface ͕ f ϭ0,x рxр1͖ for which there is little supporting evidence. Also left open are a collection of questions pertaining to chaotic attractors in terms of, e.g., symbolic dynamics, natural measures, Lyapunov exponents, various measurements of dimensions. As to the relevance question of this result to ecological chaos in nature, we will withhold our commentary until the time when most, if not all, and sufficiently many mechanisms for food chain model chaos have been properly categorized and analyzed.
